The joint probability density function (PDF) of thermochemical variables can be used for accurately computing the combustion source term in turbulent flows. Evolution of the PDF in physical and composition spaces is governed by a transport equation which requires modeling of sub-filter mixing process. Mixing models used in PDF methods are known to have a substantial impact on reactions, and can therefore signifiantly influence flame stabilization in turbulent combustors. A systematic approach is required for studying the effect of variations in the mixing model constant on reactions. The objective of this work is to develop a sensitivity based frame-work to study this problem. The approach presented here is developed in the context of the direct quadrature method of moments (DQMOM), which is an Eulerian method for solving the PDF transport equation. Governing equations for the corresponding differential sensitivity analysis are formulated and implemented in a practical large eddy simulation (LES) solver. The DQMOM-sensitivity approach is then used for studying an experimental supersonic combustor.
Large eddy simulation (LES) has emerged as a potentially accurate tool for the simulation of complex turbulent reacting flows, including internal flows inside supersonic engines or scramjets. In LES, the large scale features of the flow are resolved on a computational grid, while the small scale motions are modeled using information from the large scales. A cut-off length scale termed as the filter width is used to demarcate the large and small scales of motion. The evolution of the large or filtered scales depends on the physics of subfilter or small scales. In supersonic combustion relevant to scramjet engines, near-wall flows, shock-turbulence interaction, and turbulent combustion all involve critical small scale physics that need detailed modeling. Hence, the reliability of LES in these flows is highly dependent on the accuracy of the subfilter models. In this context, understanding the sensitivity of the results to the details of the model is very important in developing predictive computational tools.
The focus of this work is the modeling of turbulent combustion in supersonic flows. In low-mach number LES, turbulent combustion is often described through a conserved scalar approach, where the gas phase composition is mapped using mixture fraction as a tracking variable. In the LES computation, only the filtered mixture fraction, its subfilter variance (or small scale energy), and the filtered dissipation rate of mixture fraction are directly solved. Based on this solution, the gas phase composition could then be looked-up from a precomputed table. Any complex chemical kinetics could be used in computing this look-up table. Consequently, the computational expense of LES does not increase with an increase in the number of chemical species used in the chemistry model. In supersonic flows, this conserved scalar approach is not applicable since the evolution of gas phase enthalpy depends on the local velocity field, which is non-local in mixture fraction space. 1 An alternate approach is the probability density function (PDF) technique, where the joint-PDF of the gas phase thermochemical composition vector is directly solved. This approach overcomes the limitation of the implicit coupling with velocity by including appropriate models for this dependance.
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In the PDF approach, the PDF transport equation needs to be solved along with the LES flow equations. For a N s -species system, the PDF equation spans N + 5 dimensions. Since finite-volume/finite-difference techniques are not tractable for such high-dimensional systems, a stochastic approach is often followed. [5] [6] [7] However, this solution technique is computationally expensive, and is not numerically robust in shock-containing wall-bounded flows which involve large density gradients and clustering of grid cells. A fully Eulerian approach, termed the direct quadrature method of moments (DQMOM), was formulated to overcome this issue. 3, 4, 8, 9 In this work, the DQMOM approach will be used to solve the PDF transport equation.
Regardless of the computational approach, the PDF transport equation requires models for the small scale scalar mixing process. 6-8, 10, 11 Typically, this term is described using a mixing model, which consists of two parts: 1) a mixing time scale, and 2) a shape function that prescribes mixing in conditional space. Prior work has shown that accurate modeling of the mixing time scale provides vast improvements in the prediction of flames that are not close to extinction. 12 However, accurate modeling of the mixing time scale is a challenging task. In essence, this is equivalent to modeling the filtered scalar dissipation rate. 13 Since scalar dissipation is active only at the smallest length scales, there will be no appreciable filtered-scale content for this quantity. Hence, scale-similarity based dynamic models cannot be directly used. While it is possible to construct dynamic models for surrogate quantities in order to indirectly obtain the time scale, [13] [14] [15] such methods have not been tested in supersonic flows.
Instead, we follow a different approach here to evaluate the impact of the mixing time scale model. Typically, this time scale is related to a filter-scale time scale based on the velocity and scalar fields, and will also involve a model parameter. The goal here is to determine the sensitivity of the computations to the choice of this model parameter. This sensitivity could be obtained by running multiple LES computations with slightly different model parameter values to determine the gradient with respect to the parameter variation. Since LES computations are inherently expensive, this approach will be intractable to practical geometries. Recently, Ren and Pope 16, 17 introduced the concept of sensitivity for PDF-based methods in the context of stochastic particle technique. Here, we propose a similar strategy for the DQMOM approach, whereby partial differential equations describing the evolution of the sensitivity of solution to model parameters are derived and solved along with the LES and DQMOM transport equations. Based on the three-dimensional structure of the sensitivity for the different species, it will be possible to determine the potential errors introduced by the choice of model parameter.
This article is organized as follows. First, governing equations are discussed for DQMOM, followed by the corresponding sensitivity equations. Next, numerical implementation of this approach is discussed in the context of large eddy simulation (LES). Finally, this approach is used for studying the sensitivity of mixing model coefficient in a supersonic cavity-stabilized combustor.
I. Direct quadrature method of moments (DQMOM)
DQMOM was developed by Fox, 18, 19 and has since been used for solving a variety of problems involving multivariate PDFs. [20] [21] [22] Recently, this technique has been extended to the composition-enthalpy PDF transport equation. 3, 9, 23 In DQMOM, the PDF is represented using weighted Dirac-delta functions. For compressible flows, the joint-PDF of species mass fraction and sensible enthalpy can be written as
Here, N e is the number of delta functions used in the approximation and N s is the number of species. φ is a vector representing species mass fractions in physical space, and h is the corresponding variable for sensible enthalpy. ψ αn and ζ n are locations of the delta peaks (also called abscissas) in the sample space corresponding to the m th species and enthalpy, and the n th delta function. w n is the weight corresponding to the n th delta function. For a system with N s species and enthalpy, the PDF can thus be specified using N e weights and (N s + 1)N e abscissas. These weights and abscissas are determined by solving the following transport equations:
where, Y is a vector of weights and weighted abscissas and B represents source terms, ρ is the filtered density and u is the favre-filtered velocity. Specifically,
Source terms a n , b αn and c n need to be computed by matching (N s + 2)N e moments of the PDF. Typically a n = 0, and b αn and c n are computed by matching N e lower integer moments of the m th scalar and enthalpy respectively. Imposing a n = 0 makes evolution of weights independent of all other scalars, thereby permitting easy extension of this method to multivariate problems like combustion. For a two point quadrature representation of the PDF, b αn and c n are
S αn (φ, h) and S hn (φ, h) are reaction source terms, and appear in closed form. The first term on the right hand side of Eq. (4) and (5) is responsible for producing variance, and is called the correction term. The second term in the same equations represents conditional diffusion modeled using the interaction by exchange with the mean (IEM) model. 24 τ is the IEM mixing time scale that is modeled based on the turbulent diffusivity and the filter length.
6, 7 Specifically,
and C φ is the IEM model coefficient that needs to be specified. In the next section, a differential sensitivity analysis is developed for DQMOM.
II. Differential sensitivity analysis for DQMOM
For the composition-enthalpy PDF, sensitivity varaibles are defined as
where a is a vector of sensitivity parameters, Q is a vector of flow variables and PDF weights and abscissas (Q = [ρ u Y]), and K is a matrix of sensitivity variables. Henceforth, in the context of this work, sensitivity will be discussed for a single sensitivity parameter C φ . The discussion however, is directly extendible to any arbitrary number of parameters. Also, the effect of C φ on flow variables will be neglected for simplicity. This simplification is acceptable for non-premixed combustors where reaction rates minimally affect the pressure field. A vector of sensitivity variables can then be defined as
The resulting transport equation for K is obtained from Eq. (2) as
where E = (∂B/∂Y)K = [0 b 
where K αn = ∂w n ψ αn /∂C φ , and S 
III. Numerical implementaion
For the composition-enthalpy PDF discussed here, (N s + 2)N e equations need to be solved for evolving the weights and abscissas in DQMOM. (N s + 1)N e additional equations are solved for tracking the sensitivity variables. Note that while the sensitivity equations are strongly coupled to the DQMOM equations, the coupling is unidirectional; that is the sensitivity variables do not affect the flow.
Governing equations for DQMOM and sensitivity variables (Eq. (2) and (9)) have a familiar convectiondiffusion form. A thrid order QUICK 25 is used for evaluating spatial derivatives while an explicit third order Runge-Kutta scheme is used for integration in time. Special care is however required when computing the source terms B and E. The first problem is ill-conditioning of DQMOM transport equations when two or more peaks are at the same location in sample space. This is reflected in the correction terms in Eq. (4), (5) and (10) . For numerical stability, the correction terms are typically neglected when the abscissas are close to each other. 3, 23 In this work, for the DQMOM source terms, the cutoff distance is set as 1% of the mean value, following recommendations of Koo, et. al. 3 In this study, a detailed chemistry mechanism is used for chemical kinetics. Direct evaluation of the reaction source terms can lead to numerical instability. In this work, the reaction source terms for the DQMOM weighted abscissas as well as sensitivity variables are estimated using the double precision differential algebraic sensitivity analysis code (DDASAC). 26 The DDASAC algorithm has native support for estimating Jacobian-based source terms required for sensitivity analysis.
Next, the DQMOM-sensitivity framework is used for studying an experimental supersonic caity stabilized combustor.
IV. Numerical study: cavity stabilized combustor
The test case under consideration is based on the supersonic cavity-stabilized flame experiment of Micka and Driscoll.
27 Figure 1 provides a schematic of the flow configuration. The incoming air stream has a Mach number of 2.2 and a total temperature of 1490K. A sonic hydrogen jet issues from the bottom wall at a distance 3.5h upstream of the cavity leading edge.
For the simulation, a multiblock structured grid with 350 × 100 × 50 points in the main flow pathway and 100 × 50 × 50 points in the cavity is used for this simulation. The gas phase chemistry is represented using a detailed hydrogen-air reaction mechanism 28 consisting of 9 species and 19 steps. Two cases with C φ = 5 and C φ = 10 are investigated. In both simulations, joint-PDF of 8 species and enthalpy is represented using a two-point quadrature approximation (N e = 2). Continuity is used for computing abscissas of the ninth species. Boundary conditions for the PDF are specified such that the mean corresponds to the prescribed experimental conditions, while the variance is set to zero. Detailed boundary conditions are listed in table 1.
Fuel injection from the floor of the bottom wall creates a strong shock upstream of the jet, leading to flow separation. Mixing is enabled by the recirculating flow near the injector and a stream-wise counter-rotating vortex pair located downstream of the jet. The fuel-air mixture enters the cavity where recirculation leads to a 
high residence time necessary for flame holding. The primary role of the cavity in this setup is to recirculate the high temperature fluid, thereby creating a favorable temperature in the jet-wake for reactions to initiate. The cavity thus acts like a high temperature heat source. Figure 2 shows an instantaneous plot of iso-surface of fuel fraction and iso-contours of density gradient. The bow-shock upstream of the jet and its interaction with the fuel jet are clearly visible. Figure 3 shows the instantaneous contours of density gradient, H 2 and H 2 O mass fraction, and temperature along the central plane. H 2 O is present in the cavity as well as in the jet wake, indicating stable combustion in these regions of the configuration. Sensitivity variables for H 2 ,OH and H 2 O mass fractions are plotted in Fig. 4 . While high OH and H 2 O concentrations occur in the cavity, the highest values for their corresponding sensitivity variable are found in the jet wake. This indicates that sub-filter mixing is dominant in the jet wake where reactions initiate. Also, the sensitivity variables have both positive and negative values in different regions of the domain. For instance, sensitivity variable for OH is negative near the fuel injector, implying a decrease in reactions when C φ is increased, whereas it has the exact opposite effect in the jet wake, where an increase in C φ would actually increase reaction rates. Figure 5 shows time averaged statistics of OH mass fraction and the corresponding sensitivity variable. The intermittancy of sensitivity observed in the instantaneous contours is cancelled out by the averaging process, thereby highlighting the unsteady nature of the underlying mixing process.
V. Conclusion
In this work, a methodology was developed for systematically studying the effect of variation in model parameters on the solution. The resulting differential sensitivity approach was then implemented in DQMOM for studying the effect of variation in mixing model coefficient on reactions. This combined DQMOM-sensitivity approach requires solution to N e (N s + 1) additional transport equations, making it only twice as expensive as the stand-alone DQMOM approach. The methodology is therefore practically viable, and can be easily implemented in complex simulation.
This approach was then used in an experimental supersonic cavity-stabilized combustor. The sensitivity of the model towards reactions varies significantly throughout the flow in both magnitude and direction. The region inside the cavity has a larger time-scale and is less sensitive to C φ in comparison with the jet wake. Statistically averaged data, nonetheless indictates that for the conditions simulated, increasing C φ would favourably affect reactions.
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